Optical rectennas, sub-micrometre antenna-coupled diodes, can directly rectify solar and thermal electromagnetic radiation, and have been proposed as an alternative to conventional semiconductor photovoltaics. We develop a comprehensive description of the operating principle of rectenna solar cells. In prior work classical concepts from microwave rectenna theory have been applied to the analysis of photovoltaic power generation using these ultra-high frequency rectifiers. Because of their high photon energy the interaction of petahertz frequency waves with fast-responding diodes requires a semiclassical analysis. We use the theory of photon-assisted transport to derive the current-voltage [I (V )] characteristics of metal/insulator/metal tunnel diodes under illumination. We show how power is generated in the second quadrant of the I (V ) characteristic, derive solar cell parameters, and analyse the key variables that influence the performance under monochromatic radiation and to a first order approximation. The efficiency improves with reduced dark current under reverse bias and increasing incident electromagnetic power.
Introduction
A rectenna [1] is a high-frequency rectifier system consisting of an antenna that receives electromagnetic radiation and a diode that converts it to dc power. The main application for rectennas has been infrared sensing and detection [2] [3] [4] . Even though the concept of solar rectification was first proposed in the 1970s [5] active research on rectennas for solar energy harvesting has gathered momentum only recently [6] [7] [8] [9] . Harvesting solar or thermal energy using optical frequency rectennas is a potential low-cost route to highefficiency photovoltaics. The materials are inexpensive and not limited in availability, and the fabrication is suited to roll-to-roll manufacturing [10] . Semiconductor solar cells are fundamentally limited in the minimum frequency of radiation that can be harvested being proportional to the bandgap [11] . A rectenna's frequency response is dependent primarily on the design of the antenna [12] and its impedance match to the diode [13] . Femtosecond-fast metal/insulator/metal tunnel diodes [6, [14] [15] [16] , as well as new low-capacitance and low-resistance geometric diodes [17] are being considered as potential rectifiers for efficient rectennas. While significant experimental work is underway to find appropriate diodes, a comprehensive understanding of optical rectenna physics is lacking.
Previous estimates of rectenna efficiency extended microwave concepts [18] to optical frequencies [16, [19] [20] [21] by analysing a classical circuit model using resistance and responsivity of the diode, but this analysis for classical rectifier is valid only at a sub-optical frequencies [6] . A semiclassical quantum-mechanical analysis of the diode characteristics is required for incident radiation at energyhω exceeding the electronic charge (e) times the voltage scale of the nonlinearity in the diode (=eV nonlinear ) [22, 23] . For simple comparison with voltage, we define photon voltage as V ph =hω/e. At these high frequencies, the energy of the incident photons affects the charge transport mechanism of the diode under illumination [24] . One way to include the quantum nature of electrons interacting with a high frequency signal is to use semiclassical values for the resistance and the responsivity, derived from the theory of photon-assisted transport (PAT), in the circuit model [13, 25, 26] . This is a viable approach for finding the quantum efficiency (QE) of the rectenna but a very indirect one for deriving the solar cell characteristics. We implement a straightforward alternative by extending PAT analysis to obtain a current-voltage I (V ) curve for the rectenna under illumination. The development of an I (V ) curve under illumination puts rectenna solar cells in the same perspective as conventional solar cells allowing for easy comparison of solar cell characteristics and performance. Moreover, it bridges the gap between the dark I (V ) of the diode and its performance under illumination allowing for a more accurate description and analysis than classical methods.
In PAT the electronic properties of a device are a function of the interactions of photons with electrons, which can be analysed using several approaches [27] [28] [29] [30] . Here, we follow the derivation given by Tien and Gordon [22] for a superconducting junction and generalized for tunnel devices by Tucker et al [31] . In section 2, we give a summary of the salient features of PAT, also referred to here as the semiclassical theory, and its extension to the response of tunnel diodes under illumination. In section 3, we use the examples of piecewise linear and exponential static I (V ) curves to calculate I (V ) characteristics under monochromatic light. We also examine the power-conversion-efficiency limitation of rectennas. In section 4, we extend the analysis of the piecewise linear model to more realistic diodes that have a significant leakage in reverse bias. The effect of reverse bias leakage on efficiency and open circuit voltage is discussed.
Photon-assisted transport
The frequency at which classical circuit theory is no longer valid is eV nonlinear / , as discussed above. For the superconducting diodes investigated by Dayem and Martin [24] , V nonlinear corresponds to the bandgap energy of metal superconductors, on the order of 0.1 meV, corresponding to microwave frequencies. For optical frequencies, the relevant energy scale is greater than 100 meV, which corresponds to the V nonlinear in low-barrier metal/insulator/metal (MIM diodes) used in rectennas [32] , and is related to the metal-insulator barrier height [31] .
Consider the combination of an ac signal of amplitude V ω at a frequency ω and a dc voltage V D applied across the diode as
From a classical perspective, the effect of the ac signal can be visualized as modulating the Fermi level on one side of the tunnel junction while holding the other side at a fixed potential, as shown in figure 1 . The resulting change in tunnelling distance causes a nonlinear excursion along the dc I (V ) curve around the bias point V D .
In the semiclassical PAT theory, the effect of V ω is accounted for through a time-dependent term in the Hamiltonian H for the contact [22] , written as
where H 0 is the unperturbed Hamiltonian in the contact. The corresponding unperturbed wavefunction is of the form The harmonic perturbation in equation (2) leads to an additional phase term whose effect is included in the wavefunction as
Integrating the exponential over time and using the JacobiAnger expansion, the wavefunction in the contact is written as
where J n is the Bessel function of order n. The modified wavefunction indicates that electrons in the metal, previously located at energy E, can now exist at multiple virtual energy levels separated by the photon energyhω, as shown in figure 2 . The probability amplitude of the electron occupancy at energy E ± nhω is given by the Bessel function of order n, where n corresponds to the number of photons absorbed or emitted by the electron in a multi-photon process. The time-dependent wavefunction is normalized since the infinite sum of the squares of Bessel terms is unity. The electron density is proportional to the modulus squared of the wavefunction and therefore to the square of the Bessel function. A heuristic explanation for the effect of the wavefunction modulation on the tunnel current is based on the fact that all such single-electron states undergo the same modulation [23] . This implies that one can treat the problem in a first approximation as if, in addition to the dc voltage, there is a voltage nV ph that is applied across the diode with a weighting factor J 2 n (α), where α = V ω /V ph . The dc current under illumination is then given by where I dark (V ) is the tunnel current in the un-illuminated diode.
A similar derivation exists for the current in a diode illuminated by several frequencies [23] . Here we restrict the analysis to a single frequency.
Apart from the dc component of the tunnel current given by equation (6), there is a time-dependent current which consists of the harmonics of ω. From a time-dependent formulation for the tunnel current under optical excitation [25] , the first harmonic is given by
From equations (6) and (7) 
where the superscript SC denotes the use of the semiclassical PAT formulation. The I is the incremental dc current due to the illumination and is given by I = I illum − I dark . From here on we assume that α 1 such that Bessel function terms only up to first order in n are required, simplifying the analysis. The validity of this condition will be verified in section 3 by calculating α and showing that it is less than unity. Physically, the above assumption corresponds to a small probability for photon emission or absorption involving more than a single photon. Mathematically, this is verified by taking the ratio of the Bessel functions for any order n and n + 1. Using the approximation for Bessel functions (for
, we see that the ratio of J n+1 /J n = α/(n + 1), which implies that higher order contributions are negligible. From equation (7), to first order in n(= −1, 0, 1), R SC D is given by [25] 
which, in the classical limit (hω → 0) leads to the differential resistance. We note that the semiclassical resistance is the reciprocal of the slope of a secant between two points in the I (V ) curve separated by 2V ph rather than the tangential slope at a single point for the classical case. The semiclassical responsivity is similarly found from the first order approximation of equations (6) and (7), and is given by [25] 
As with equations (9), (10) in the limit of small photon energies leads to the classical formula, here for responsivity given by 1/2 the ratio of second derivative of current to the first derivative. Classically, the diode resistance and responsivity are independent of frequency. In comparison, the semiclassical resistance is lower than the classical and decreases with increasing frequency resulting in a better antenna to diode coupling efficiency since the antenna impedance is usually smaller than the diode resistance [13] . At high frequencies, the semiclassical responsivity approaches its maximum possible value of 1/V ph = e/hω corresponding to unity QE. This indicates that even a diode with a poor QE at low frequencies can be adequately efficient at high frequencies [13] .
The remainder of this article is devoted to understanding the ramifications of the modified dc I (V ) characteristics under illumination, given by terms up to first order in equation (6) . An implicit assumption of the PAT theory used here is that the reservoir charge distribution extends up to the junction region and that the applied field does not influence the charge distribution in the junction [30] . This is a valid approximation for tunnel diodes because there is a high concentration of electrons in the metals and a low concentration in the insulating tunnel barrier. The validation of this approach is given by the condition α 1, which ensures that the injected carrier density in the insulator is small. An expression similar to equation (6) but applicable even to non-tunnelling based diodes is derived elsewhere [33] , making the results presented here more generally applicable than the specific case of MIM diodes used in the analysis of PAT.
Illuminated I(V ) characteristics of ideal diode
In this section we use the PAT theory to derive the illuminated I (V ) characteristics of ideal diodes, i.e. for the case of an illuminated rectenna.
The power-generating regime is shown to occur in the second quadrant of the I (V ) curve and the maximum achievable conversion efficiency for monochromatic illumination is shown to be 100%. In section 3.1 we assume that a constant ac voltage is applied across the diode as the dc bias voltage is varied, while in section 3.2 we assume a constant incident power mode. The first case helps to develop the understanding of how an illuminated I (V ) curve can be obtained starting with dark I (V ) using equation (6) . The second case of constant power is closer to a practical situation in which the power incident from a source remains constant. Due to the dependence of the diode resistance on ac voltage as given by equation (9), the two assumptions lead to significantly different shapes of the illuminated I (V ) curves.
Constant ac voltage mode
Using the first order approximation of equation (6), corresponding to α 1, the current under illumination can be expressed as
with the first term on the right-hand side representing the dark current due to electrons that are in the unexcited state. The second and the third terms represent the current resulting from electrons that undergo a net absorption or emission of a photon, respectively, together denoted as I . To understand the effect of I on I illum , consider an ideal diode with the piecewise linear I dark shown in figure 3(a) . As shown in figure 3(b) , the two terms in I modify I dark such that a positive current can flow even at zero or a negative dc bias. The sum of the three current components of equation (11) is shown in figure 3(c) with power generation occurring in the second-quadrant operation of the diode. This is in contrast to the fourth-quadrant operation of a conventional solar cell. In a rectenna solar cell, the applied ac voltage generates a net photocurrent in the forward bias direction of diode. As in a battery or a generator, the internally produced positive current is sustained with a higher bias at the negative terminal leading to the second quadrant operation. The dc current generated depends on V ω via α and thereby the strength of the illumination and the antenna design.
In the illuminated I (V ) curve shown in figure 3 (c) the voltage-intercept is marked as V ph , which signifies the maximum negative voltage at which a positive current is possible. This occurs for a diode with a high forward-toreverse current ratio.
Constant power mode
In the simplified representation given in section 3.1, we have assumed α and thereby V ω to be constant with bias voltage V D . However, the resistance of the diode varies with V D as given by equation (9) . Therefore V ω needs to be calculated as a function of V D under constant illumination intensity when considering a complete rectenna circuit. We ignore losses in the antenna and assume perfect impedance matching between the antenna and diode for each V D . As the actual implementation of a rectifier would have a fixed operating point, the antenna and the impedance matching have to be designed only for that voltage.
Since the diode remains on throughout the ac cycle, the incident power is equal to the sum of ac (1/2V ω I ω ) and dc (−|V D I |) power dissipated in the diode and the rectified dc (V D I ) power available at the load, together given as
Justification for the approximations is given below. The above relation equates the incoming power to the ac power across the diode, its conversion to dc by the diode, and its subsequent transfer to the load. The modulus is used for P dc to denote that the dc power generated in the diode is ultimately dissipated in the load. As discussed in section 2, only single photon excitations are produced at low intensities (α 1), as the higher harmonics are small as compared to the fundamental ac terms. Therefore the harmonic dissipation in the diode is negligible. For a given dark I (V ) curve we can substitute the V D dependence of R SC D from equation (9) in equation (12) and obtain V ω as a function of V D and P in .
In the case of no external load, the dc current is zero and all the input power is dissipated in the diode as ac loss. Under the condition that the dc resistance of the diode is much greater than the load resistance, this dissipation is primarily in the load and the dc power generated is most efficiently delivered to the load. The above condition is satisfied by a diode that has a negligible dark current under reverse bias, which is equivalent to the requirement for a high forward-to-reverse current ratio assumed in figure 3(a) . The efficiency of the rectenna solar cell in the bias voltage regime of −V ph < V D < 0 is given by
Under the first order approximation of equation (11), the largest absolute operating voltage of the rectenna for power generation in the second quadrant is V ph =hω/e, while the maximum responsivity of the diode from equation (10) is 1/V ph . Therefore the maximum theoretical value of η is unity. Power loss in the diode depends on the dc I (V ) characteristics as given in section 4. For the highly asymmetric ideal diode considered in this section, this loss is negligible.
For ideal dark I (V ) curves we calculate the illuminated I (V ) curves using equation (11) and find the maximum efficiency by dividing the product of dc power generated (V D × I illum ), with the fixed incident power (P in ) used for calculating V ω in equation (12) . We perform this calculation for diodes with a low reverse leakage and a high forward-toreverse current ratio using the piecewise linear model and an exponential model for the diode. The forward bias resistance (R 1 ) of the piecewise linear I (V ) curve is 100 and the forward to reverse current ratio is R 2 /R 1 = 10 8 , where R 2 is the reverse bias resistance. The reverse saturation current of the exponential characteristics is 10 −10 A and the logarithmic slope of the exponential I (V ) is 100 V −1 . An input power of 10 −8 W is assumed, at a photon energy of 1.5 eV. This power corresponds to the solar intensity of 100 mW cm −2 received over an area of 10 µm In the constant power mode, as the dc bias approaches −V ph the semiclassical resistance increases leading to a sharp rise in V ω as shown in figure 4(c) . With V ω and thereby α increasing, the slope of the first order terms in equation (11) increases leading to an abrupt knee in the light I (V ) curve as shown in figure 4(a) . For a diode with a large reverse-bias resistance, the dark current loss at negative voltages is small leading to an almost rectangular I (V ) curve with the maximum efficiency occurring near V OC . As the negative bias exceeds V ph , the tunnelling electrons cannot access the empty states on the opposite side of the barrier with a single photon excitation. Thus under the first order approximation, the current drops to zero at
In a very small region near V D −V ph , the first order approximation (α 1) breaks down. Nevertheless, in figure 4(b) we see that η for the piecewise linear model approaches unity at V D > −V ph . Therefore, under monochromatic illumination the power conversion efficiency does approach its maximum theoretical value of 100%.
For the near-ideal diodes considered here, the I (V ) curves under illumination are almost independent of the dark I (V ) curve. However, for non-ideal dark I (V ) curves, leakage under reverse bias decreases the fill-factor of the solar cell as shown in section 4. Several conclusions regarding rectification of monochromatic light can be drawn from the above results. Due to the rectangular illuminated I (V ) curve, the efficiency approaches a maximum value of 100% near an operating point of V D = V OC = −V ph . This is to be contrasted with figure 3 , where the triangular illuminated I (V ), under the assumption of constant V ω , incorrectly suggests a peak efficiency of only 25%. From figure 4(a) we verify that the product of V OC I SC is equal to the input power of 10 −8 W, consistent with solar cell characteristics. Broadband conversion efficiency is substantially lower [34] .
In the above results, the efficiency increases as V ω increases. This suggests that enhancing the ac field and thereby V ω , by confining power in a small diode with a large resistance can lead to high efficiency [35] . This requires high impedance antennas to match to the high impedance of the extremely confined diode structures, which might not be feasible with real antennas. Furthermore, the requirement for the diode RC time constant, independent of the diode size, to be smaller than the inverse of the frequency requires both the resistance and the capacitance of the diode to be small [13] .
Illuminated I(V ) characteristics of real diodes
The illuminated I (V ) characteristics of a diode depend upon its dark characteristics. Here we obtain an analytical expression for the illuminated I (V ) curve using the simplified model of the piecewise linear dark diode. We then examine the performance of non-ideal diodes by varying the reverse leakage governed by R 2 and the power incident on the diode. The forward resistance R 1 is kept constant at 100 . In the bias range of −V ph < V D < 0, we substitute the first-order approximation of equation (7) in equation (12) , and assume R 2 /R 1 1 to obtain
The above equation gives the change in V ω with dc bias as shown in figure 4(c). We substitute equation (14) in equation (11) to obtain the illuminated I (V ) curve
At V D = 0 V, the above equation gives the expression for 
ph /P in = 2.25 × 10 8 . The reverse leakage current depends upon R 2 and determines the shape of the I (V ) and thereby the efficiency of a rectenna solar cell. In the triangular regime, the fillfactor is 25% and the efficiency is 0.25 × P in R 2 /V 2 ph . In the trapezoidal regime, the efficiency at the maximum power point is 1 − V 2 ph /P in R 2 . As seen in figure 5 , an order of magnitude increase in R 2 causes the operating regime to change drastically leading to a sharp rise in efficiency. This reflects a critical balance between the reverse leakage and input power, in which the input power must provide a current that is much larger than the reverse leakage to maintain high efficiency. The expressions for efficiency are independent of R 1 as we have assumed a constant input power. Variations in R 1 would be compensated by a varying V ω to keep the power constant. Under the first order approximation, the above results are valid only for small R 1 and R 2 /R 1 1.
Conclusions
The operating mechanism of rectenna solar cells consisting of an optical antenna coupled to a diode is derived using the theory of photon-assisted transport. This mechanism is fundamentally different from the operating mechanism of semiconductor solar cells. Unlike conventional solar cells that provide power in the fourth quadrant of the I (V ) curve under illumination, rectenna solar cells operate in the second quadrant. The semiclassical form for the diode resistance equates the resistance at a bias to the inverseslope of the secant between two points on the dark I (V ) curve separated by photon voltage from the bias. The nature of results derived is true for a more general nonlinear element than the specific case of MIM tunnel diodes used here [33] .
Due to the varying diode resistance with dc bias, the first-order semiclassical derivation for a single-frequency operation leads to a stepped I (V ) curve. For ideal diode characteristics this leads to a maximum achievable power conversion efficiency of rectenna solar cells near 100%, with a small amount of power lost as ac dissipation in the diode. The efficiency improves with increasing the diode asymmetry and the optical power.
From an analytical expression for the light I (V ) curve corresponding to a piecewise linear diode, we observe that the reverse leakage resistance required for achieving high V OC and hence high efficiency is inversely proportional to the optical power incident on the rectenna.
